Ansatz of Leptonic Mixing: The Alliance of Bi-Maximal Mixing 

with a Single- Angle Rotation. 



Kim Siyeor 

Department of Physics, Chung- Ang University, Seoul 156-756, Korea 

(Dated: August 13, 2012) 

Abstract 

We introduce an ansatz of the PMNS matrix that consists of specific types of transformations. 

bJQ[ 

Bi-maximal mixing is taken for the neutrino masses, while a single-angle rotation in the 1-2 block 
is taken for the charged lepton masses. Motivated by the implications of the recent results on 
neutrino oscillations, #23 in the first octant and non-zero #13 are predicted by the ansatz. Three 
43 " physical mixing angles are expressed in terms of a single variable, the 1-2 angle of charged leptons, 

q; so that a simple relation among the angles has been obtained: tan #13 = V2(sin#23 — sin #12). It 

follows that a model of the inverted hierarchy that can produce the given ansatz is proposed. 
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I. INTRODUCTION 

A series of recent oscillation experiments, T2k[i], MINOsj^j], Double Choozj^j], Daya 
Bayfl, and RENojs], made a forward movement in neutrino physics [6j. A 3v global 
presented the best fit and the allowed ranges of masses and mixing parame- 
ters at 90% confidence level(CL) from the contribution of those experiments. According 
to the analysis, the 3a ranges of the physical parameters are given as in the following: 
6.99 < AmlJlO^eV 2 < 8.18, 2.59 < sin^is/lO" 1 < 3.59, 2.19(2.17) < Am^/lQ^eV 2 < 
2.62(2.61), 1.69(1.71) < sin 2 0i 3 /l(T 2 < 3.13(3.15), and 3.31(3.35) < sin^/KT 1 < 
6.36(6.63) for normal(inverted) hierarchy. Besides the non-zero value of sin 6^3, the cur- 
rent data takes the preference for #23 i n the first octant and the inverted mass hierarchy. In 
the past, due to the central values of #23 close to 7r/4, and due to the absence of the direct 
measurement of #13, tri-bi-maximal mixing has been the strongest candidate for the 
Pontecorvo-Maki-Nakagawa-Sakata(PMNS) matrix. 

After definitive measurement of #13 with Daya Bay and RENO, the non-zero U e % has been 
targeted as a group-theoretical consequence rather than as a perturbed effect. In this paper, 
an ansatz of PMNS is introduced, which consists of a certain choice of the transformation, 
Ui, of charged lepton mass matrix and bi- maximal mixing matrix, Ubm, for the neutrino 
masses. The U\ in the ansatz is a single rotation of the 1-2 block. It will be shown that the 
three angles in the PMNS matrix are fit into the allowed ranges in the global analysis when 
the bi-maximal mixing is combined with a single-angle rotation by U}Ubm- The specific 
choice of such JJ\ guarantees the #23 m the first octant. For comparison, it will also be shown 
that another ansatz with a single rotation of the 1-3 block always results in the #23 i n the 
second octant. All three physical mixing angles are given in terms of a single parameter, 
the angle of the 1-2 rotation, so that it is possible to express the following relation among 
those angles: tan 6^3 = \/2(sin023 — sin# 12 ). 

A non-Abelian discrete group S3 is still a good symmetry for the bi-maximal mixing, 
as it was for the tri-bi-maximal mixing 10l-ll7j]. In our model, an Abelian Z2 symmetry 
is used to keep the Standard Model(SM) particles separated from the interactions of extra 
particles beyond the SM. The light mass matrix of neutrinos with bi-maximal mixing and 
the charged lepton mass with the mixed 1-2 block alone can be built up under § 3 eg) Z 2 flavor 
symmetry. The model that gives rise to the PMNS by the product of a single rotation and 
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tri-bi-maximal mixing, UJUtbm, is presented in Ref. 
UjUrBM and U}Ubm with a single- angle U\ in Ref. 



17 1 . There is an article which examines 
181 ]. while our work has been prepared 



independently. 

This paper is organized as follows: Section II describes the implications of the recent re- 
sults of neutrino experiments, and introduces the ansatz motivated from those implications. 
In Section III, a model for the #23 in the first octant, non-zero #13 and the inverted mass 
hierarchy is constructed to support the proposed ansatz. The conclusion section includes a 
brief summary of the content and the prediction of the ansatz. 



II. PHENOMENOLOGICAL CONDITIONS AND ANSATZ OF PMNS MATRIX 

Most recent announcements from long-baseline oscillations T2K[l| and MINOS [2| and 
include the measurements of 2 sin 2 #23 sin 2 2#i3, which is the leading term in the appearance 
probability -P(y M — > v e )- The results from MINOS provided its bound for normal(inverted) 
mass hierarchy such as 2 sin # 23 sin 2 2# 13 < 0.12 (0.20) at 90% confidence level(CL) for 
5 = 0. The subsequent announcement from T2K contains 0.03(0.04) < 2 sin 2 #23 sin 2 2# 13 < 
0.28(0.34) at 90% CL for the normal (inverted) hierarchy and 5 = 0. In FigJI} the bound 
of 2 sin 2 #23 sin 2 2#i3 is described for each type of mass hierarchy. The areas excluded by 
experiments are shaded with solid boundaries for MINOS and dashed boundaries for T2K. 
The MINOS upper bound excludes most of the allowed space in sin #23 — sin 6*13, although 
the estimation of the allowed regions of sin #23 and sin^ includes the results of MINOS 
and T2K themselves. The 3u analysis presents the correlated analysis of sin 2 #23 and sin 2 # 13 
while two ranges of the angles in FigfTJ are given independently. As shown in the figure, the 
vanishing U e s has been ruled out, and the angle 623 in the first octant is strongly preferred. 

As for the mass hierarchy, the NH in the figure has a disadvantage within the allowed 
ranges of parameter space. In the NH case in FigJH the allowed ranges of two angles are ruled 
out by the MINOS exclusion curve. Even in the IH case of FigJU only the small corner of the 
allowed box survives from the MINOS exclusion. Furthermore, SK and MINOS reported the 
reference of IH by using a strategy comparing the standard deviations such as Xih < Xnh 
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20j. The degeneracy problems, sign(6' 2 3— vr/4), sign(m 2 — m 2 ), and sin # 13 cos 5, are taking 
directions to the solutions, including the rough indication for 5 = 0.897r(0.907r) within la- 
range, 0.45(0.47) — 1.18(1.22) as presented in Ref. In the rest of this section, we introduce 
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sin K sin 2 2 

FIG. 1: Bounds of sin 2 023 sin 2 29\ 3 as results of T2K and MINOS. Cases of normal hierarchy and 
inverted hierarchy are drawn separately. The 2a— and _3a— ranges of sin #13 and sin #23 are given 
in a 3v global analysis obtained in 2012 by Fogli et al 

an ansatz for #23 in the PMNS to stay in the first octant. 

The PMNS matrix is given as Upmns = UjU u , where Ui is the transformation of left- 
handed charged leptons and U u is the transformation of massive neutrinos from weak in- 
teraction basis to mass basis. In the standard parametrization, the elements of Upmns are 
expressed in terms of physical mixing angles and a phase 



pi. 



/ 



U. 



PMNS 



C12C13 



C13S12 



si3e 



-C23S12 - Ci2Sl3S23e t<5 C12C23 - S 12 Si 3 S 2 3e lS C13S23 



S23S12 - Cl2C 2 3Sl 3 e 



(■<$ 



-C12S23 - C 2 3Sl2Si 3 e l<5 C13C23 



(1) 



where cy and s^- are cos^- and sinfly, respectively, and Sep is the Dirac phase. The unitary 
transformation of the three-generation neutrinos is given by 



U v = R(9 23 )R(6 13 ,5 v )R(e 12 )P(<f>,(f>') 
= U V P(6,6\ 



(2) 
(3) 



where the R's operations are the rotations with three mixing angles and a Dirac phase 8 U , 
while P = Diag{e l ^ 1 e 1 ^', 1) with Majorana phases <fi and <fi' is a diagonal phase transforma- 
tion. 
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The neutrino mixing U v is chosen as a bi- maximal, U v = Ubm, where 



/ 



U 



BAI 



\ 



4= 4= o 

1 1 1 

2 2^/2 

I _I J_ 

\ 2 2 v/2 / 



(4) 



with sin# 12 = 1 /\/3, sin 2 3 = 1/V2, and sin#i 3 = 0. If the mixing of charged leptons Ui is 
a single-angle rotation of the 1-2 block of the mass matrix such that 



U, 



( 



\ 



cosx sin^e 1<P 



\ 



sin x e 




then, the PMNS matrix obtained by UJUbm is given as 

/ 



up 



cos x 
1) 



(5) 



cosx I smx -up cosx _ smx -tip smx -up 

V2 ^ 2 e ^/2 2 e V2 e 



cosx _i_ sin x tip cosx _i_ sm X r i<P 
2 ^ v/2 C 2 ^ C 



V 



cosx 
V2 
1 

V2 



(6) 



/ 



When the elements of JJ a are compared with Upmns m Eq. HJ the three angles in the PMNS 
matrix are described by the following simple relations 

1 



V2 



smx 
cosx 



(7) 



2 — sin x 



Sl3 
S23 

a/2 -sin x 

where 5 = tt in Eq. (JTJ and = in Eq. (JSJ). Eliminating x, the s 23 and s 12 can be 
expressed in terms of a single variable S13 and l/v2 as 



cos x — sin 



inx/\/2 



S23 



S12 



1 - 2 S ?3 



2 - 2s? 



13 



0^2 



s 13 _ S 13 



2 2sf 3 



(8) 
(9) 



or the three angles constrain themselves by the relation, 

S23 = su + ^ tan 013. 



(10) 
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FIG. 2: (blue) sin0 23 given in Eq.® and (red) sin6> 12 given in Eq.®. The allowed ranges at 3<7 
CL in sin 023 and sin #12 are described by the gray and orange shades, respectively. 

Since S23 and S12 decrease from 1 / a/2 as S13 increases from 0, the angle 6*23 that belongs to 
the first octant is a consequence of the ansatz in Eq.([6]). 

For comparison, it is worth considering the case in which Ui is a another single-angle 
rotation of the 1-3 block of the mass matrix such that 



U, 



^ cos x sin x e %H> ^ 

1 
^ — sin xe lip cos % j 



(11) 



Then the PMNS matrix which is obtained by UJUbm is: 



/ cosx _ sinx p -iip cosx _|_ sin x c ~iip sinx ^-i^ \ 



u 



B 



V2 



V2 



V2 
1 

V2 



(12) 



cosx _i_ sinx tip cosx _i_ sinx cosx 
\2~ t ~ v / 2 e 2" h v ^ e ^ / 



When the elements of Ub are compared with Up m ns m Eq. [T], the three angles in the PMNS 
matrix are described by the following simple relations 

1 



S13 = -^=smx 



(13) 



S23 



S12 



a/2 -sin x 
cos x — sin x 



/V2 



a/2- sin 2 X 

where 5 = in Eq. ([I]) and <p = n in Eq. ffTTl) . Eliminating x, the sin #23 in terms of #13 is 
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TABLE I: Group representations of fermions. The SU(2) representation and hypercharge of a field 
are denoted by the subscription 'G' of the gauge symmetry and the S3 representation and Z2 
charge of the field are denoted by the subscription l F\ 



Rep. 




(2,1)f 






(2,-l/2) G 


le 


La • {Ifii It) 






(i,-i)g 




R a . (/iy. T r ) 






(i,o) g 






ni, n 2 


"3 



TABLE II: Group representations of Higgs scalars. An Abelian discrete symmetry Z2 is also 
adopted to distinguish extra particles from the SM contents. The Z2-odd Higgs do not interact 
with Z2-even SM fields at tree level. 



Rep. 




0M)f 




(2,-1)f 


(2,-l/2) G 


H 


$ : (tufa) 


h 


S : (cri,cr 2 ) 



obtained as 

S23 = , 1 = • (14) 

In the above case, the angle 6*23 belongs to the second octant, as a consequence of the ansatz 
in Eq.(p|). 



III. MODEL FOR THE 6» 23 IN THE FIRST OCTANT AND THE INVERTED 
MASS HIERARCHY 

We introduce a model that can derive the ansatz in Eq.([6]) within a simple framework in 
the sense that the discrete flavor symmetry is S3. The field contents and their representations 
under S3 ® Z2 are listed in Table d and Table [TXJ The Z2 symmetry plays a role in keeping 
the particles in the SM from coupling with additional Higgs beyond the SM. As shown in 
Table d and Table [Til an the SM particles and the Higgs to couple with them are Z 2 even, 
while the right-handed neutrinos and the Higgs to couple with them are all Z2 odd. 
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A. Charged lepton masses with a single mixing 9i 2 



The Lagrangian of Yukawa couplings of the charged leptons and the Higgs scalar doublet 
H and $ is 



C SM = CiHe r l e + c 2 HR a L a + c 3 §R a L a + c 4 $e r L a + c 5 ®RJ e , 



(15) 



where the SU(2) fermion doublet l e is a flavor singlet but Z M and l T belong to a doublet 
L a = (l^Jr) under § 3 . Also, the righthanded charged lepton singlet e r is a flavor singlet 
while fi r and r r belong to a doublet R a = (/i r ,r r ). The Higgs scalar doublet if of SM 
is involved in the above interactions as a flavor singlet, while the additional Higgs scalar 
doublet $ is a flavor doublet with component fields (</?i, </? 2 ). The Dirac mass matrix of the 
charged leptons from the Yukawa couplings becomes 



M l A ~ 



/ 



V 



C\V C4V1 
C5V1 c 2 v - c 3 -ui 
c 2 v + 



\ 



/ 



(16) 



where the vev ($) is (fi,0), as explained in the Appendix. 

The masses of leptons are obtained from \JiM\M\U\ = Diag(m^,m 2 ^m 2 T ). We denote 
the matrix Mj Mi by K as 



/ 



K = 



\ci\ 2 v 2 + \c 5 \ 2 v 2 
c* v c 1 vv 1 + (c* 2 v - cgui)c 5 7;i 




c* 1 c 4 vv l + cpxfav - C S Vi) 



\C 2 V - C 3 Vi\ 








\c 2 v + C S Vi\ 



\ 



J 



(17) 



which is plausible by the relation in terms of a single mixing angle, a phase, and masses as 
in K = R^O^S^Diag^m^m^m 2 )R^(6 h 5i), where the 1-2 block rotation R(6 h 5 l ) is given 
by 



/ 



R{e h 8 t 



cos9i sm6ie' i5 ' 
sin 9ie t&l cos 61 
1 



\ 



(18) 
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The elements of the matrix K in Eg. ( ITT)) are described by physical parameters, 



Ku = m e cos 0, + m^sin 0,, 

K 22 = m\ cos 2 0, + m 2 e sin 2 6 l , (19) 
K 12 = K* 21 = (mle iSl - m 2 e e~ lSl ) cos 0, sin 0, 
K 33 = m 2 . 

In the opposite way, the mixing angle 0, and the phase Si are obtained from the elements in 
Eq.([T9]) as 

tan 20, cos ft = ^ 12 + ^* 2 , (20) 

A 22 - An 

or from the matrix in Eg. flTTJ : 

tan 20, = 2Re[c^c 4 ^i + c^iM - C3.Q] 

|c 2 f — C3fi| J — |ci| 2 t> 2 — |C5| 2 1>i 

In general, the sguared masses can be expressed in the following way: 

1 ,„ „ , 1 



m = - [K 22 + K n )-- [K 22 - An) VI + tan 2 20, cos 2 5, 



2 v w 2 



,2 



m~ = - (K 22 + K n ) + - (K 22 - K n ) y/l + tan 2 20, cos 2 5 h (22) 



and m 2 = \c 2 v + c^vil 



B. Light neutrino masses with bi-maximal mixing 



The Majorana masses of the gauge singlets n^, in |Mi7iini + |M 2 n 2 n 2 + |M 3 n 3 n3 + 
M x n\n 2 , are expressed in the following matrix: 



( Mn M x ^ 



M 



V 



M x M 22 
M 3 



(23) 



where the flavor charges are listed in Table [TJ All additional fields beyond the SM, including 
righthanded neutrinos, are distinguished from the SM particles by Z2 parity. All the SM 
fields are Z 2 even, so the parity does not affect any interaction of SM particles. Additional 
Higgs scalars, S = (01,02) and h, all have Z 2 -odd guantum number. Their representations 
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under the gauge symmetry and those under the flavor symmetry are listed in Table UJ and 
Table [Til The Yukawa couplings of the right-handed neutrinos are given as 



- £ neutrino = fohnJe + f hn 2 l e + /iSniL a + f 2 Y,n 2 L a + f 3 ^n 3 L c 



(24) 



If the product of the S 3 doublet X with L a is the representation 1, it can be decomposed into 
axlfj, + <r 2 l T , or if the product is the representation 1', it can be decomposed into a\l T — a 2 l^. 
Their Yukawa interactions can be expressed by the following Yukawa matrix: 



/ 



Y 



foh fth 







(25) 



y /lCl f 2 (J\ f 3 cr 2 J 

The seesaw mechanism with the Majorana mass in Eq.( l23i) and the Yukawa matrix Y in 
Eq.f l25|) results in the mass matrix of light neutrinos as follows: 



/ 



M„ 



1 





where 



\ 



/ 

Si 
S 2 
3' 



Si 



1 -1 \ 

1 
-10 y 




1 -1 
-1 1 



\ 



S' 




1 1 
1 1 



\ 



(26) 



/'x 



fJL 2 



(27) 



fofiuw _ (Jgfc + fdfi)uw /q/ 2 to 



Ml Mx 

/> 2 2frf 2 w* , /> 2 



/'2 



Ml 

fW 



Mx 



+ 



t>2 



The Majorana mass of the right-handed neutrinos contribute to the lightness of neutrinos 

as 

^ = M 22 (M n M 22 - Ml)' 1 (28) 
lT 2 l = Mn (M n M 22 - M x 2 )~ 1 
= M^{M ll M 22 -MlY l . 

If the transformation U v is exactly bi-maximal, the symmetric mass matrix of light 
neutrinos obtained by M v = UBMDiag(mi,m 2 ,m 3 )U] jM has the form in Eq. fTSS"]) with 
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Sq = (fhi + m 2 )/2, 5*i = (m 2 — rai)/2\/2, S2 = (mi + m 2 )/4, and 5* 2 = m 3 /2. In comparison 
with 5*o, 5*i, 5* 2 and S 2 in Eq.( l2"7|) . the following relations are obtained: 

m 2 + mi = 2 1 — or 

V A*i A*x /i2 / 

1W 2f 1 f^ + fiv?\ (29) 



/ii /i x /i 2 

2v/2 f _ (/0/2 + fdfi)uw /q/ 2 w \ 



m 2 _ mi = 2^2 - + (30) 

A*i A*x A*2 / 



M 3 



^3 = 2^, (31) 



which provide the inverted order of mass hierarchy if M 3 3> Mi, M 2 . 



IV. CONCLUSION 



Recent updates in the results of neutrino oscillations give rise to the preference for the 
#23 < 7r/4, the sizable #13, the inverted mass hierarchy, and the CP phase 5 = ir. The 
information will dismantle the degeneracies among neutrino parameters in the near future. 

We propose an ansatz motivated by the significant experimental advance, in which the 
PMNS matrix is obtained by the bi-maximal neutrino mixing and a single rotation of the 
1-2 block of charged lepton masses. All the mixing angles sin 6^- in the PMNS matrix are 
expressed in terms of the single angle of Ui and l/y/2, so that there can be a relation 
established among the three angles in the PMNS as follows: 

tan #13 = V2 (sin 6 23 - sin 12 ) . (32) 

The 823 in the first octant is obtained specifically when the Ui is the single rotation of the 
1-2 block. If the U\ is given by the single rotation of the 1-3 block, the 823 cannot be smaller 
than 7r/4, becoming larger as 813 increases. That is, the octant of 823 is determined as a 
consequence of the ansatz. 

We proposed a model that can produce the ansatz. The flavor symmetry S 3 (g) Z 2 has 
been adopted. The mass matrix of charged leptons are diagonalized by a single angle, while 
the matrix of the light neutrino masses are bi-maximally mixed. The mass hierarchy is 
characterized by the inverted order with the smallest 1713. 
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Appendix A: Discrete flavor symmetry S3 

The Lagrangians in Eq. fll5j) and Eq. ( I24|) are constructed under the minimal non-Abelian 
discrete symmetry S3. There are six elements of the group in three classes, and their irre- 
ducible representations are 1, 1', and 2. Its character table is mentioned in many models 
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14 



16|. 



The Clebsch-Gordon coefficients in the real representations are given by the following 
product rules 
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221, 




1' x 1' = 1 : ab 
T x 2 = 2 : 

2x2 = 1 + 1' + 2, 

1 : (ai&i + a 2 b 2 ) 
1' : (ai&2 - a2h) 
a 2 b 2 - ai&i 
a\b 2 + a 2 bi 



(Al) 
(A2) 
(A3) 



Appendix B: Higgs Potential 



24] 



The contents of Higgs scalar particles and their representations under § 3 eg) Z 2 are 

(1,1)*. : H 

(2,1)* : $ ((p!,(p 2 ) 

(1,-1)* : h 

(2,-1)* : S (<ti,<7 2 ), 



(Bl) 



which commonly belong to (2, 1/2) G under the SU (2) x U(l) gauge group. The full invariant 
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Higgs potential can be organized into three parts as follows: 



V = V e (H, $) + V D (h, E) + V X (H, $; h, E), 



(B2) 



where V e and VJ, are the interactions of only Z2-even particles and those of only Z2-odd 
particles, respectively, while V x is the cross interactions of Z2-even and Z2-odd particles. 
Each contribution to the potential V is given as: 



+ A(<D t $) 1 (i/ t i/) 1 + \'(^H) 2 (H^) 2 + \"{{&H)l + h.c.} + k{(&$) 2 (&H) 2 + h.c.}, 



+ A s (E t E) l (/i 1 '/i)i + \' s (^h) 2 (h^) 2 + K{(^h) 2 2 + h.c.} + « s {(EtE) 2 (Et/i) 2 + h.c.}. 



The subscripts '1' and '2' in each term indicate that the product of the two fields belongs 
to the representation 1 or 2 in §3. Each term with a subscript V consists of three types of 
products, 1, V and 2 representations. According to the product rules in Eqs. (1A1I) - (1A3I) . 
($t$) 1 = l^p + l^^ ($t$) r =^2-^!, and ($ t $) 2 = (|^ 2 | 2 -|^i| 2 <^i^2 + ^2^i) T - 
The Higgs potential in Eq. (lB3p can be rephrased in terms of component fields {tpi, ip\} with 
i — 1 and 2, and {H,W}. When the Higgs particles obtain their real vacuum expectation 
values such that (H) = (w) = v, (<pi) = v%, and (<p 2 ) = v 2 , the potential can be expressed 
as follows. 




(B3) 




(B4) 



V X (H, $; h, S) = x^HUtfh), + x'i^h^H), + *!'{{rfh)l + h.c.} 
+ A x ($ t $)i(/i t /i)i + A / x ($ t /i) 2 (/i t $)2 + \ x {(&h)i + h.c.} 
+ ^(EtEMtfttf)! + v ' x (^H) 2 (H^) 2 + ^{(Eti?)2 + h.c.} 
+ 7 {(# t /i) 1 (£ t $) 1 + h.c.} + 7 / {(iJ t E)2(/i t $)2 + h.c.} 

+ r x ($ t $) r (E t s) r + r' x ($ t E) r (s t $) r + r x {($t£)2 + h . c .}. 



(B5) 




(B6) 
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where A a = A a + A c , and A& = A + A' + 2A". Following the same steps as in Eq. f ]B3j) - 
Eq. (IB6j) . the potentials, V Q and V x , in terms of vevs, (h) = u and ((01), (02)) = (u>i,W2), 
can be expressed as follows: 



K (u,tw 1 ,tw 2 ) = m 2 h u 2 + m 2 s (w\ + w\) + ]^\ h u i (B7) 
+ ^A s (^i + w 2 2 f + A c u 2 (u^ + w 2 ) + 2k s u(3w2Wi - u>i), 

where A c = A, + \' s + 2A". 

V x = kiu 2 v 2 + k 2 u 2 {v 2 + v 2 ) + k 3 v 2 (w 2 + w 2 ) + k^uviyiWi + v 2 w 2 ) (B8) 
+k 5 v 1 v 2 w 1 w 2 + k' 5 (vf + vl)(w\ + w\) + k'l(v 2 - t>i)(^2 _ w i) + K'( v i w i + ^2^2)5 

where fci = x + x' + ^x", h = X x + X' x + 2X' X , k 3 = r] x + rf x + 2rfc, and k A = 2(7 + 7'). 
The k^...k'l' are rather complicated polynomials of r x ,r' x , and Y x in Eq. (lB5j) . such that 
h = h(T x ,T' x ), k> 5 = k> 5 (T x ,r> x ), k'i = k'i(T x ), and k'l' = k>>'{T' x ). 

The first derivatives of the full potential given in Eq. (lB2j) are presented in Ref . [Siyeon] . 
The minimality condition is obtained by vanishing the derivatives for chosen vevs of Higgs. 
The vevs, v 1 ^ and v 2 = 0, can make the potential minimum, when the following conditions 
are necessary. 

I 7T- J = 2vi{K(m 2 , u 2 , v 2 , w 2 ) + A a v 2 } - Qkvv\ + k 4 uvwi = 

7; — = huvw 2 + k 5 viWiw 2 = 0, (B9) 
\ dv 2j V2 =o 

where K(m 2 , u 2 , v 2 , w 2 ) is the part that is independent of either v\ or v 2 . The positiveness 
of the second derivatives are given as 

d 2 v 



dv\dv 2 

d 2 v 



= k b w x w 2 > (BIO) 

V2=0 

= 4A s wiw 2 + 12k s uw 2 > 0. 

v 2 =o 



dwidw 2 

It is clear that any of W\ and w 2 should not be zero to satisfy the above conditions. According 
to the symmetry of the potential under the interchange of o\ and cr 2 , vevs can be taken as 
Wi = w 2 = w. Thus, in summary, the following vevs of the fields in Eq. flBll) can be adopted 
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for the masses of leptons: 



(H) 
(9) 
(h) 



v 



u 



(w, w). 



(vi,0) 



(Bll) 



[1] K. Abe et al. [T2K Collaboration], Phys. Rev. Lett. 107, 041801 (2011) 

[2] P. Adamson et al. [MINOS Collaboration], Phys. Rev. Lett. 107, 181802 (2011) 

[3] Y. Abe et al. [DOUBLE-CHOOZ Collaboration], Phys. Rev. Lett. 108, 131801 (2012) 

[4] F. P. An et al. [DAYA-BAY Collaboration], Phys. Rev. Lett. 108, 171803 (2012) 

[5] J. K. Ahn et al. [RENO Collaboration], Phys. Rev. Lett. 108, 191802 (2012) 

[6] J. Beringer et al. [Particle Data Group Collaboration], Phys. Rev. D 86, 010001 (2012). 

[7] G. L. Fogli, E. Lisi, A. Marrone, D. Montanino, A. Palazzo and A. M. Rotunno, 

larXiv: 1205.52541 [hep-ph]. 

[8] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002) 

[9] P. F. Harrison and W. G. Scott, Phys. Lett. B 557, 76 (2003) 

[10] D. Meloni, S. Morisi and E. Peinado, J. Phys. G 38, 015003 (2011) 

[11] R. Z. Yang and H. Zhang, Phys. Lett. B 700, 316 (2011) 

[12] S. Morisi and E. Peinado, Phys. Lett. B 701, 451 (2011) 

[13] N. W. Park, K. H. Nam and K. Siyeon, Phys. Rev. D 83, 056013 (2011) 

[14] S. Morisi, K. M. Patel and E. Peinado, Phys. Rev. D 84, 053002 (2011) 

[15] X. Chu, M. Dhen and T. Hambye, JHEP 1111, 106 (2011) 

[16] P. V. Dong, H. N. Long, C. H. Nam and V. V. Vien, Phys. Rev. D 85, 053001 (2012) 

[17] K. Siyeon, Eur. Phys. J. C 72, 2081 (2012) larXh7:1203.1593l [hep-ph], 

[18] C. Duarah, A. Das and N. N. Singh, arXiv:1207.5225l [hep-ph]. 

[19] X. Qiu, A. Blake, L. A. Corwin, T. Yang, S. Wojicicki, A. Habig and S. Mufson, Neutrino 

2012, Kyoto, Poster 38. 

[20] K. P. Lee for Super-Kamiokande Collaboration, Neutrino 2012, Kyoto, Poster 41. 

[21] E. Ma, [a7xTv:hep-ph/0409075j 



15 



[22] S. L. Chen, M. Frigerio and E. Ma, Phys. Rev. D 70, 073008 (2004) [Erratum-ibid. D 70, 
079905 (2004)] 

[23] J. Kubo, H. Okada and F. Sakamaki, Phys. Rev. D 70, 036007 (2004) 

[24] The Higgs contents and their self potential are identical with those in previous work Most 
parts of details have been skipped to avoid the repetition. 



16 



